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1. Introduction 

Let G be a split simple simply connected group of rank n over a field F. 
Fix a maximal split torus T of G and a Borel subgroup B containing T. We 
denote by W the Weyl group of G with respect to T. Let A be the weight 
lattice of G (hence, T* = A). 

We denote by cut, • • • ,u n the fundamental weights of A. We let Ik '■ = 
Ker(Z[A] — > Z) and I C h '■= Ker(5'*(A) — > Z) be the augmentation ideals, 
where Z[A] — > Z (respectively, S* (A) — > Z) is the map from the group ring Z[A] 
(respectively, the symmetric algebra) of A to the ring of integers by sending 
e A to 1 (respectively, any element of positive degree to 0). 

For any i > 0, we consider the ring homomorphism 

0» : Z[A] -+ ZfA]//^ 1 S*(A)/ig^ 5 l (A), 

where the first and the last maps are projections and the middle map sends 
e Ej = i«j w j t Q n" =1 (l — u)j)~ a: > . The ith-exponent of G (denoted by Tj), as intro- 
duced in |l| , is the gcd of all nonnegative integers N{ satisfying 



iVr(ffl (i) C^(l 



where T% := (Z[A] W n I K ) (respectively, I% H := (5*(A) W n I CH )) denotes the 
Ty-invariant augmentation ideal of Z[A] (respectively, S*(A)) and {I^ H )^ = 
Tq H PI S* l (A). Informally, these numbers Tj measure how far is the ring S* (A) w 
from being a polynomial ring in basic invariants. 

For any i < 4, it was shown that the zth-exponent of G divides the Dynkin in- 
dex in [Q] and this integer was used to estimate the torsion of the Grothendieck 
gamma filtration and the Chow groups of E/B, where E/B denotes the twisted 
form of the variety of Borel subgroups G/B for a G-torsor E. 

In this paper, we show that all the remaining exponents of spinor groups 
divide the Dynkin index 2. 
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2. Exponent 

Let G be Spin 2n+1 (n > 3) or Spin 2n (n > 4). The fundamental weights 
are defined by 

eH h e n 

cjx = ex, w 2 = ei + e 2 , • • ■ , w n _i = e x H h e„_i, c; n = , 

ei H h e n _i - e n eH h e n 

= ei, w 2 = ei + e 2 , • • ■ , w n -i = ^ , w n = - , 

respectively, where the canonical basis of M. n is denoted by (1 < i < n). 
For 1 < % < n, let 

(1) «M:=ey + "- + e* 

be the basic invariants of the group G, i.e., be algebraically independent homo- 
geneous generators of S*(A) W as a Q-algebra (see [§, §3.5 and §3.12]), together 
with 

(2) q' n := d ■ ■ ■ e n 
if G = Spin 2n . 

For any A G A, we denote by W(X) the VT-orbit of A. For any finite set A 
of weights, we denote —A the set of opposite weights. 

The Weyl groups of Spin 2n+1 and Spin 2n are (Z/2Z) n x S n and (Z/2Z)™- 1 x 
S n , respectively. Hence, by the action of these Weyl groups, one has the 
following decomposition of iy-orbits: if G = Spin 2n+1 (respectively, G = 
Spin 2n ), then for any 1 < k < n — 1 (respectively, 1 < k < n — 2) 

(3) W(u k ) = W+(u k ) U -W + (u k ), 

where W+(u k ) = {e^ ± ■ ■ ■ ±ei k }i 1< ... < i k . If n is even, then the IV-orbits of the 
last two fundamental weights of Spin 2n are given by 

(4) W{u n - X ) = W + (co n ^) U -W + (w„_i) and W(u n ) = W+{u n ) U -W+(u n ), 

where W+(u n -i) (respectively, W+(u n )) is the subset ofW(u n -i) (respectively, 
W(u n )) containing elements of the positive sign of e\. 

For any A = Yuj=i a j U} j e ^ anc ^ an y integer m > 0, we set A (to) = 

YTj=i a j u T' ^ or exam Pl e ! ^(0) = YTj=i a j an d ^(1) = ^- We shall need 
the following lemma: 

Lemma 2.1. (i) If G is Spin 2n+1 (respectively, Spin 2n ), then for any odd 
integer p, any nonnegative integers mi,-- - ,m p and, any 1 < k < n — 1 
(respectively, any 1 < k < n — 2), we have 

A(toi) ■ • ■ \(m p ) = 0. 

(ii) 7/G ?s Spin 2n with oddn, then for any even integer p and any nonneg- 
ative integers mi, ■ ■ ■ , m p , we have 

22 A(mi) • - • X(m p ) = 2J A(toi) • • • A(to p ). 
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(Hi) If G is Spin 2n , then for any odd integer p < n and any nonnegative 
integers mi, • • ■ , m p , we have 

A(mi) • • • X(m p ) = A(mi) • • • A(m p ) = 0. 

Proof, (i) It follows from (^) that 

A (mi) • • • X(m p ) = ^ A(mi) • • • X(m p ) + ^ X(mi) ■ ■ • X(m p ) 
\ew(u k ) \ew+{w k ) \e-w+(uj k ) 

= ^2 K m i) ■ ■ ■ X{m p ) - ^ A(mi) • • • A (rap) 

\&w+(w k ) \ew+(u> k ) 
= 0. 

(ii) If G is Spin 2ri with odd n, then we have W(u n ) = — W(u n -i). Hence, 
the result immediately follows from the assumption that p is even. 

(Hi) If n is even, then the result follows from (Q) by the same argument 
as in the proof of (i). In general, note that for any A^,--- , X ip G W + (ui) 
the term Aj^rai) ■ • ■ X ip (m p )/2 P (respectively, -A» 1 (mi) ■ • • X ip (m p )/2 P ) appears 
2 n ~ 2 times (respectively, 2 n ~ 2 ) in both sums in (Hi). □ 

Let p be an even integer and q > 2 an integer. For any nonnegative integers 
mi, • • ■ , m p , we define 

A(p,q)(m 1} --- ,m p ) := A ix (rai) • • • X jp (m p ), 

where the sum ranges over all different A^, ■ ■ • , X iq G W + (ui) and all A^, • • ■ , X ip 
G {Ai u • • • , Aj 9 } such that the numbers of Aj u • • • , Xi q appearing in A^, • • • , Aj p 
are all nonnegative even solutions of xi + ■ ■ ■ + x q = p. If p < 2q, then we 
set A(p, q)(mi, • • ■ , m p ) = 0. Given mi, • • • , m p , we simply write A(p, q) for 
A(p, q)(mi, ■ ■ ■ ,m p ). 

For instance, A(4, 2) is the sum of A J1 (mi)Aj 2 (m 2 )Aj 3 (m3)A.,- 4 (m4) for all 
Ji) Hi J3, 3 a G {i, j} and all 1 < i ^ j < n such that two i's and two fs appear 
in ji,h,ja,U 

Example 2.2. We observe that 

(5) (xi + x 2 )(x' l + x' 2 ) + (xi - x 2 )(x[ - x' 2 ) = 2(x 1 x' 1 + x 2 x' 2 ). 

If G is Spin 2n+1 or Spin 2n , then by @ and (|5|) we have 

J2 A(mi)A(m 2 ) = 2(n - 1) ^ A(m 1 )A(m 2 ) 

W+(w 2 ) W+(<i>i) 

for any nonnegative integers mi and m 2 as we have (n — 1) choices of such 
pairs in the left hand side of ([5]) from W + (u 2 ), which implies that 

A(rai)A(ra 2 ) = 2(n-l) ^ A(m x ) • • • A(ra 2 ), 

W(w 2 ) W((Ji) 
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(cf. |l|, Lemma 5.1(ii)]). For any even p > 4, we apply the same argument with 

the expansion of (x\ + x 2 ) • • • (x± + ) + — x 2 ) ■ ■ ■ (x^ — x\ f )■ Then, we 
have 

E A(mi) • ■ • \(m p ) = 2(n - 1) E A(mi) • • • A(m p ) + 2A(p, 2), 

which implies that 

E A(mi) ■ ■ ■ A(m p ) = 2(n - 1) E A ( m i) ' - ' A ( m p) + 2 2a (p> 2 )- 

W(oj 2 ) W(wi) 

We generalize Example 2~?2 to any as follows. 

Lemma 2.3. // G is Spin 2n+1 (respectively, Spin 2n ), then for any 1 < k < 
n — 1 (respectively, 1 < < n — 2), any even p, and any nonnegative integers 
mi, ■ ■ ■ m p we have 

E \(m 1 )...\(m p ) = 2 k - 1 ( n k l 1 ] ) ^W-^K)+i;2 fc (^" J ]A( W ). 

WW ^ ' W(wi) 3=2 ^ 3 ' 

Proof. For any A G W(ui), there are 2 k (^Zl) choices of the element contain- 
ing A in W(uJk), thus we have the term 2 fc_1 ("~J) Ylw(ui) A( m i) ' ' ' A(m p ) in 
Ewk) A(mi)---A(m p ). 

If an element A G H^(wi) appears odd times in a term Aj^mi) ■ ■ ■ X ip {m p ) 
of X}w(u> & ) A( m i) ■ • • A(m p ), where A^, • - • , A ip G W^Wi), then by the action of 
Weyl group this term vanishes in ^2 W (u> k ) A( m i) • • • A(m p ). Hence, the remain- 
ing terms in Ew(u>o A( m i) ' ' ' A(m p ) are a linear combination of A(p,j) for all 
2 < j < k such that p > 2k. As each term A(p,j) appears 2 fc (™~^.) times in 
Z~2w(Lu k ) A( m i) • • • A(m p ), the result follows. □ 

For any A G A, we denote by p(A) the sum of all elements e M G Z[A] over all 
elements of H^A). Let i\ ■ 0^(e A ) = A* + Si for any i > 1, where is the 
sum of remaining terms in i! ■ 0^(e A ) and A = Yl a j UJ j^ a j ^- Hence, for any 
fundamental weight ujf. we have 

(6) <!^ w (p(w*))= E A *+ E 

We view z! • </>W(e A ) as a polynomial in variables A, A(mi), • • • , \(rrij) for some 
nonnegative integers mi, • • • , rrij. Let be the sum of monomials in Si whose 
degrees are even. 

If G is Spin 2ri+1 (respectively, Spin 2n ), then by Lemma |2TT|(i) the equation 
(||) reduces to 

m t\-^\pM)= E A * + E r «- 

for any 1 < A; < n — 1 (respectively 1 < A; < n — 2). 
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Given p and q, we define 

tt(p,q) ■= J^A(p,g)(mi, ■ ■ • ,m p ), 

where the sum ranges over all mi, • • • ,m p which appear in all monomials of 
T 

Example 2.4. (i) If G is Spin 2n+1 or Spin 2n and % = 4, then by (Q) and 
Lemma we have 



^{pM) = E A '+ E T ^ 

W(ui) W(wi) 

4!0( 4 )(p(u; 2 )) = A '+ E T4 

W(w2) VP(wa) 

= £ A 4 + 2(n-l) £ T 4 , 

VK(u> 2 ) W(wi) 

which implies that 

4\(^\pM) - 2(n - 1)0 (4) (PM)) = £ A 4 -2(n-l) £ A 4 

W(w 2 ) W(u>i) 



4A ( 4 > 2 ) = 4 -^E e *4 



By Lemma [2.3| , the right-hand side of the above equation is equal to 

4! 

2!2! 

Hence, we have 

0( 4 )(pM) - 2(n - l)0 (4) (p(d)) = J>*4 

(ii) If G is Spin 2n+1 (n > 4) or Spin 2n (n > 5) and % — 6, then by (|7|) and 
Lemma 2~3" we have 

VK(oji) W(wi) 

6!^ (6) (p(w 2 ))= ^ A 6 + 2(n-l) ]T T 6 + 4ft(4,2), 

VK(u> 2 ) W(wi) 

61^(0*)) = E ^ ^ r 6 + 8(n - 2)0(4,2), 

which implies that 

^\p(u 3 )) - 2(n - 2)0( 6 )(p(c 2 )) + 2(n - l)(n - 2)<j>™ (p(d)) = £ e?#£. 

i<j<k 

Lemma 2.5. (z) 7/G is Spin 2n , then we have 

E A " ~ E A " ="!ei---e n . 
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(ii) If G is Spin 2n; then for any 1 < p < n — 1 and any nonnegative integers 
m-i, ■ ■ • , m p we have 

A(mi) • • • A(m p ) = A(mi) • • • A(m p ). 

Proof, (i) First, assume that n > 4 is even. We show that 

X n - J2 A n =(n!/2) ei ---e n . 

As |W+(w n )| = |W + (w n _i)| = 2™" 2 , we have 

(n\/2 n )2 n - 2 ei ■ ■ ■ e n - (-(n!/2")2"- 2 ei ■ ■ ■ e n ) = (n\/2)e x • • • e n 

in E^*) A ™ ~ EwK_0 If one of the exponents ii, • • • , i n in • • • e% 
(except the case i\ — ■ ■ ■ — i n — 1) is odd, then from the orbits W + (u n ) and 
(u} n -x) this monomial vanishes in each sum of Ew + (w n ) A ™ ~ EvF + (w n _i) A ™- 
Otherwise, the terms 2™~ 2 ^]™ =1 e™, A(n, 2) • • • , A(n, n/2) with mi = ••• = 
m n = 1 are in both E w+ ( Wn ) A ™ and Ew + K_o A " 

Now, we assume that n > 4 is odd. As |PF | = |W(<*V-i)| = 2 n_1 , we 
have 

(n\/T)2 n - l e l ■ ■ ■ e n - (-(n\/2 n )2 n - 1 e 1 ■ ■ ■ e n ) = n\e x ■ ■ ■ e n 

m Evy(w„) A ™ — Ew(a> n -i) A ™- By ^ ne same argument, if one of the exponents 
ii,-- - ,i n in e^ 1 ■ ■ ■ e % ™ (except the case %\ = • • • = i n = 1) is odd, then this 
monomial vanishes in each sum of Ew(u>„) A ™ — J2w(u) n -i) A ™' ^^^ s com pl e tes 
the proof of (i). 

(ii) By Lemma |2.1| (ii)(iii), it is enough to consider the case where both n and 
p are even. For any p and any n > p+2, we have 2 n_2 (Ew + (^ 1 ) A ( m i) ' ' ' A ( m p)) 

in both A ( m ' ' ' A ( m p) and Ew+^-O A ( m i) ' ' ' A ( m p)- B y the ac " 

tion of Weyl group, any term A^mi) • • • Xi p (m p ), where an element A G W(u)i) 

appears odd times in either J2w+(u n ) A ( mi ) ' ' ' A ( m p) ~~ 2n ~ 2 (J2w+(^) A ( m i) 
■ ■ ■ A(m p )) or Ew + k_o A ( m i) • • • A(m p )-2"- 2 (^^ +(wi) A(m x ) ■ ■ ■ A(m p )), van- 
ishes. As each term of A(p, 2), • • ■ , A(p,p/2) appears in both Ew (w„) A ( m i) ' ' ' 
A(m p ) and Ew+(w„_i) A ( m i) ' ' ' A ( m p)> this completes the proof. 

Theorem 2.6. If G is Spin 2n+1 (respectively, Spin 2n ), then for any i > 3 
and any n > [i/2] + 1 (respectively, n > [if 2] + 2) i/je exponent n divides the 
Dynkin index r 2 = 2 . 

Proo/. As P 2 = C 2 and P> 3 = A 3 , we have 1 = r 3 | 2 by [0, Theorem 5.4]. If G 
is Spin 2n for any n > 4, then by Lemma |2.5| (i) (ii) we have 

q ' n ^^\p(u n ))-^\p(u n ^% 
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which implies that the invariant q' n is in the ideal generated by the image of 
(j)( n \ As there are no invariants of odd degree except q' n , we have 

for alH > 1. Therefore, it suffices to show that Tn \ t 2 for any i > 2. 



By Lemma 2.3 together with the same argument as in Example [2.4| we have 



i-l 

(8) ^(p( Wi )) + J3a,^(p( Wi _ i ))= 4--" e 

i=i ./ ./ 

where the integers ai, • • • , aj_i satisfy 

i-2 



rz — 1 — fc\ \ ■ / n — 1 — k 



2W ' )M +2 Vi-l-* 



for < fc < z — 2. Let p« be the right-hand side of (^). Then this equation 
implies that pi is in the image of (j)^ . 

We show that the invariant q 2 % is in the ideal (j)^(I^) for any i > 2. We 
proceed by induction on i. As q 2 = 4>^(p(ui)), the case i = 2 is obvious. By 
Newton's identities we have 

i-l 

(9) = iPi - 



if 



with p = 1. By the induction hypothesis, the sum of (Q) is in <p^(I 
Hence, g 2i is in (2i) (7jf). □ 

For any nonnegative integer n, we denote by V2(n) the 2-adic valuation of n. 
For a smooth projective variety A over F, we denote by T*K(X) the gamma 
filtration on the Grothendieck ring K(X). We let c CH ■ S*(A) -»■ CH(G/B) 
be the characteristic map. 

Corollary 2.7. LetG 6e Spin 2n (respectively, Spm 2n+1 ). 7/2 m W(ker cch)^ Q 
C^th) / or some nonnegative integer m(i), then for any i > 3 and any 
n > [i/2]+2 (respectively, n > [i'/2]+l) tae torszon o/P K(G/B)/T i+1 K(G/B) 
is annihilated by 2 9 ^\ where g(i) = 1 + m(i) + v 2 ((i — 1)!). 

Remark 2.8. It is shown that m(3) = and m(4) = 1 in [J], Lemma 6.4]. 

Proof. The proof of [l], Theorem 6.5] still works with Theorem |2]6|. □ 

Corollary 2.9. LetG be Spin 2n (respectively, Spm 2n+1 ). J/2 m W(ker c C h)^ Q 
(-^ot) for some nonnegative integer m(i) , then for any G-torsor E , any i > 3 
and am/ n > [i/2] + 2 (respectively, n> [i/2] + 1) tae torsion of CIV (E/B) is 
annihilated by 2*W ; where t(i) = 1 + ^ =3 ^(j) + ^((i — 1)!). 

Proof. By 0, Theorem 2.2(2)], we have 

T i K(G/B)/T i+1 K(G/B) ~ V i K(E/B)/T l+l K(E/B). 
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As the torsion of CW(E/B) is annihilated by 

i 

(i - 1)! I! e(T i K(E/B)/T i + 1 K(E/B)), 
i=i 

where e(T l K(E/B)/T l+1 K(E/B)) denotes the finite exponent of its torsion 
subgroup (see |], p. 149]), the result follows from Corollary [2T7[ □ 
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